Collective electronic fluctuations in correlated materials give rise to various important phenomena, such as existence of the charge ordering, superconductivity, Mott insulating and magnetic phases, plasmon and magnon modes, and other interesting features of such systems. Unfortunately, description of these correlation effects requires significant efforts, since they almost entirely rely on strong local and nonlocal electron-electron interactions. Some collective phenomena, such as magnetism, can be sufficiently described by a simple Heisenberg-like models that are formulated in terms of bosonic variables. This fact suggests that other many-body excitations can also be described by simple bosonic models in spirit of the Heisenberg theory. Here we derive an effective bosonic action for charge degrees of freedom for the extended Hubbard model and define a physical regime where the obtained action reduces to a classical Hamiltonian of an effective Ising model.
I. INTRODUCTION
Remarkably, the majority of studies of collective charge excitations in the modern condensed matter theory is still limited to the random phase approximation (RPA) [1] [2] [3] . Although this approach fulfills the charge conservation law and provides a qualitatively good description of plasmonic modes, it is based on a perturbation expansion and, strictly speaking, is applicable only to systems with relatively small Coulomb interaction. A correct description of plasmons in the correlated regime of large electron-electron interactions requires consideration of additional diagrammatic contributions to the electronic selfenergy and polarization operator that contain vertex corrections. Unfortunately, the latter implies the use of advanced numerical techniques, which in the case of realistic calculations is extremely time-consuming. Additional diagrammatic corrections often violate the charge conservation law 4, 5 , which obviously affects the result for the plasmonic spectrum. Nevertheless, recently a new theory that allows a conserving description of plasmons beyond RPA was proposed in Ref. 6 . This approach is based on the Dual Boson (DB) theory 7, 8 and considers the polarization operator in the two-particle ladder form written in terms of local three-and four-point vertex functions. The further extension of this method to the multiorbital case is challenging due to a complicated diagrammatic structure of the theory.
Another interesting feature of collective charge excitations in many realistic systems is a tendency to the charge ordering (CO), which is widely discussed in the literature starting from the discovery of the Verwey transition in magnetite Fe 3 O 4 9-11 . Nowadays, there are number of materials, such as the rareearth compound Yb 4 As 3 12-14 , transition metal MX 2 15-17 and rare-earth R 3 X 4 18-20 chalcogenides (M = V, Nb, Ta; R = Eu, Sm; X = S, Se), Magnéli phase Ti 4 O 7 [21] [22] [23] [24] , vanadium bronzes Na x V 2 O 5 and Li x V 2 O 5 (see Ref. 14 and 25, and references therein), where the effect of the charge ordering was observed. Since the phenonenon of the CO is based on the presence of strong local and nonlocal electron-electron interactions, the theoretical description of this issue also requires the use of very advanced approaches (see e.g. Refs. 26 and 27) .
Recent theoretical investigations of charge correlation effects caused by the strong nonlocal Coulomb interaction indicate that the description of collective charge excitations in correlated regime can be drastically simplified. Thus, the study of the charge ordering within the DCA 28 , Dual Boson 29, 30 and GW+EDMFT 4,31 approaches showed similar results for the phase boundary between the normal and CO phases. The fact that a much simpler GW+EDMFT theory performs in a reasonable agreement with the more advanced DB approach and with almost exact DCA method suggests that collective charge fluctuations can be described via a simple theory at least in a specific physical regime. Unfortunately, the use of the GW+EDMFT theory for description of charge excitations is not fully justified, since this approach suffers from the Fiertz ambiguity (when the charge and spin channels are considered simultaneously) 32, 33 and "HS-UV/V" decoupling problem 34, 35 . In this regard, the simplified (DB−GW) 29, 30 approximation of the DB theory that does not consider vertex corrections and is free of mentioned problems seems more preferable. However, it provides much worse result than the DB 30 and GW+EDMFT 31 theories. Therefore, the problem of the efficient description of collective charge excitations in correlated materials is still open.
In the case when accurate quantum mechanical calculations are challenging, the initial quantum problem can be replaced by an appropriate classical one. This thermodynamical approach is widely used, for example, for description of the ordering in alloys [36] [37] [38] [39] [40] [41] . There, the total energy of the ground state is mapped onto an effective Ising Hamiltonian, which parameters are determined from ab initio calculations within the framework of the density functional theory [42] [43] [44] . However, to our knowledge, no attempts to extend this theory to the description of charge fluctuations in the correlated regime and to derive the pair interaction of the Ising model directly from the quantum problem were reported yet. Additional impulse for investigation of this important problem is given by theoretical studies of magnetism in correlated electronic systems [45] [46] [47] [48] [49] , where an effective classical Heisenberg model for the quantum problem was derived. Since magnetism is also a collective electronic property, one may expect that charge degrees of freedom can be treated in a similar way.
Motivated by above discussions, we introduce a new theory that describes charge excitations of the extended Hubbard model in terms of bosonic variables that are related to electronic charge degrees of freedom. The corresponding bosonic action of the model is derived with the use of the advanced ladder DB approach. Consequently, the charge susceptibility that enters the action has a complicated diagrammatic structure that takes into accounts frequency dependent vertex corrections. Further, we observe that the dependence of local vertex functions on fermionic frequencies is directly connected to the value of the double occupancy of the lattice site. Moreover, we find that in the wide range of physical parameters when the double occupancy is large this dependence is negligible, and the expression for the charge susceptibility can be drastically simplified. Thus, the theory reduces to an improved version of the GW+EDMFT and DB−GW approaches, and the expression for the susceptibility takes a simple RPA-like form constructed from the lattice Green's functions. Finally, we show that in the case of well-developed collective charge fluctuations the initial quantum problem can be mapped onto an effective classical Ising Hamiltonian written in terms of pair interaction between charge densities.
II. BOSONIC ACTION FOR ELECTRONIC CHARGE
Let us start with the following action of the extended Hubbard model written in the Matsubara frequency (ν, ω) and momentum (k, q) space
Here c * kν (c kν ) are Grassmann variables corresponding to creation (annihilation) of an electron. ε k is the Fourier transform of the hopping amplitude t i j , which is considered here in the nearest neighbor approximation on the two-dimensional square lattice. The energy scale is 4t = 1. U and V q are local and nonlocal Coulomb interactions, respectively. Charge degrees of freedom are described here introducing the bosonic variable ρ qω = n qω − n qω that describes variation of the electronic density n qω = k,ν,σ c * kνσ c k+q,ν+ω,σ from the average value. Hereinafter, spin labels σ =↑, ↓ are omitted.
An effective bosonic action for charge degrees of freedom can be derived following transformations presented in the recent work 49 . There, the lattice action (1) is divided into the local impurity problem of the extended dynamical mean-field theory (EDMFT) [50] [51] [52] [53] [54] and the remaining nonlocal part. In order to decoupled single-electronic and collective charge degrees of freedom, one can perform dual transformations of the nonlocal part of the lattice action that lead to a new problem written in the dual space 29, 30 . The inverse transformation back to the initial "lattice" space after truncation of the interaction of the dual action at the two-particle level results in the following bosonic action for charge variables (for details see Ref. 49 and Appendix A)
Here, the charge susceptibility X qω in the conserving ladder DB approximation is given by the following relation
where Λ ω is the local bosonic hybridization function of the impurity problem.
νν is the charge susceptibility in the DMFT form 55, 56 written in terms of lattice Green's functions G kν and two-particle irreducible (2PI) in the charge channel four-point vertices γ 2PI νν ω of the local impurity problem (see Appendix A)
Here, X 0 qω νν = k G k+q,ν+ω G kν δ νν is a generalized bare lattice susceptibility, and the inversion should be understood as a matrix operation in the fermionic frequency ν, ν space. Note that in the ladder DB approximation the lattice Green's function is dressed only in the local impurity self-energy and therefore coincides with the usual EDMFT expression [50] [51] [52] [53] [54] . Thus, the relation for the lattice susceptibility can be written as X qω = νν X qω νν , where
and we introduced an effective bare local Coulomb interaction
Recent study of magnetism of correlated electrons 49 shows that if the system exhibits well-developed bosonic fluctuations, the corresponding local vertex functions mostly depend on bosonic frequency ω, while their dependence on fermionic frequencies ν, ν is negligible. Therefore, one can expect that in a physical regime where charge fluctuations are dominant the local 2PI vertex function in the charge channel can be approximated as γ 2PI νν ω γ 2PI ω , and the charge susceptibility (3) takes the following simple form
Here, X 0 qω = νν X 0 qω νν = kν G k+q,ν+ω G kν is the bare lattice susceptibility, and the effective bare local Coulomb interaction (6) transforms to U
As it is also shown in Ref. 49 and Appendix B, in the considered case of well-developed collective fluctuations the 2PI vertex function can be approximated as
where χ ω and χ 0 ω are the full and bare local susceptibilities of the impurity problem, respectively. As a consequence, the effective bare local Coulomb interaction reduces to the usual form U eff ω U. Therefore, the expression in Eq. 7 is nothing more than the RPA susceptibility constructed on top of the EDMFT result for Green's functions. Thus, we show that it is indeed possible to describe strong charge excitations by a simple bosonic action (2) in terms of charge susceptibility (7) that does not contain vertex corrections. 
III. REGIME OF STRONG CHARGE FLUCTUATIONS
Now, let us define physical regime where the presented above technique is applicable. In the work 49 collective excitations were studied in the ordered (antiferromagnetic) phase, where the proximity of the local magnetic moment m to its maximum value served as a signature of well-developed spin fluctuations. Here, we are interested in a similar description of a more complicated case when collective charge excitations are presented in the system already in the normal phase. Since in the latter case all lattice sites are described by the same local impurity problem, the corresponding signature of strong bosonic fluctuations can no longer be found among local single-particle observables that are identical for every lattice site. It is also worth mentioning that, contrary to the magnetic phase where the ordering of single-particle quantites (local magnetizations) is realized, the CO phase on a lattice corresponds to the ordering of dublons (see i.e. Refs. 57 and 58) that are two-particle observables. For these reasons, the double-occupancy of the lattice site, which is defined as d = n ↑ n ↓ with the maximum value d max = 0.25, can be suggested as a fingerprint of the existence of strong charge fluctuations in the system. The corresponding result for the double occupancy of the two-dimensional extended Hubbard model (1) on the square lattice is shown on the U-V phase diagram in Fig. 1 and obtained using the DB approach 59 without the above approximation of the four-point vertex function.
The phase boundary (red dashed line) between the normal (colored) and CO (gray) phases is determined from the zeros of the inverse charge susceptibility X −1 qω (3) at q = (π, π) and ω = 0 point similarly to Refs. 29 and 30. As expected, large charge fluctuations in the normal phase emerge in the region close to the phase transition to the ordered state. However, one can see that the strength of these fluctuations is not uniformly distributed along the phase boundary, since the value of d decreases with the increase of the local Coulomb interaction.
In order to clarify the connection between the value of the double occupancy and the strength of charge fluctuations, one can study an effective bare local Coulomb interaction U eff νν ω defined in Eq. 6. Fig. 2 shows the ratio U eff νν ω /U between the effective and actual local Coulomb interactions as the function of fermionic frequency ν at the ν = ω = 0 point. This result is obtained close to the phase boundary between the normal and CO phases for different values of the local Coulomb interaction U and, as a consequence, of the double occupancy d. Here, one can immediately see that the effective Coulomb interaction at small values of U (large values of d) is almost frequency independent. Decreasing the double occupancy the frequency dependence of U eff becomes crucial and one can no longer approximate the local 2PI vertex function by neglecting its dependence on fermionic frequencies. Remarkably, the effective Coulomb interaction tends to the actual value of the local Coulomb interaction at large frequencies for every value of U, which is in a perfect agreement with the theory presented above. A similar asymptotic behavior was reported for the 2PI vertex function of the DMFT impurity problem (Λ ω = 0) in Ref. 60 . Thus, one can conclude that the inclusion of the bosonic hybridization function Λ ω in the local impurity problem changes the ω-dependence of local vertex functions. The presence of Λ ω in the Eq. 3 restores a correct frequency behavior of the lattice susceptibility. Therefore, the inclusion of the Λ ω in the theory has to be done consistently both in the local impurity problem and the lattice susceptibility (3), otherwise it may lead to an incorrect frequency behavior of Let us now investigate the dependence of the effective local Coulomb interaction on the bosonic frequency ω. As shows Fig. 2 , the use of the presented above approximation for the 2PI vertex γ 2PI νν ω γ 2PI ω in the large double occupancy regime is now justified. Then, the effective Coulomb interaction U eff ω can be extracted from the simplified expression for the charge susceptibility (7), where the left-hand side is substituted from the Eq. 3. Since the leading contribution to the lattice susceptibility in this regime is given by the q = (π, π) momentum, the corresponding effective interaction shown in Fig. 3 reads
Here, the result is obtained in the normal phase close to the CO for different values of the actual Coulomb interaction U. Remarkably, in the case when the double occupancy is close to its maximum value, the effective Coulomb interaction U eff does not depend on bosonic frequency either, and again coincides with the actual Coulomb interaction. In the smaller d regime the bosonic frequency dependence appears and cannot be avoided for consideration anymore. Therefore, the large value of the double occupancy is indeed an indicator of a welldeveloped charge fluctuations. Taking into account results shown in Figs. 2 and 3 , the value of the double occupancy for which the effective local interaction is frequency independent and coincides with the bare local Coulomb interaction U can be estimated as d ≥ 0.18. As schematically shown in Fig. 1 , the corresponding region depicted by the black dashed line can be distinguished for the relatively broad range of Coulomb interactions. Remarkably, the latter may even exceed the half of the bandwidth.
IV. EFFECTIVE ISING MODEL
In general, the existence of the separate dynamics and corresponding classical Hamiltonian for charge degrees of freedom is questionable. The possibility to introduce classical problem for certain collective excitations is usually related to the existence of an adiabatic parameter that distinguishes these excitations from the others that belong to different energy and time scales. Thus, in the case of spin fluctuations the adiabatic approximation is intuitive and implies that collective (spin) degrees of freedom are slower and have lower energy than single-particle (electronic) excitations 61 . Unfortunately, the corresponding adiabatic approximation for charge degrees of freedom does not exist. Therefore, it is very challenging to find a specific physical regime where the classical problem for charge degrees of freedom can still be introduced. As it was recently obtained for spin fluctuations 49 , the possibility of different energy and time scales separation lies in a nontrivial frequency behavior of local vertex functions. If the dependence of the local vertex on fermionic (single-particle) frequencies is negligibly small compared to the bosonic (collective) frequency dependence, the separation of the corresponding bosonic excitation is justified.
Thus, in the regime of large double occupancy (d ≥ 0.18), which is shown in Fig. 1 by the dashed black line, the quantum action (2) can be mapped onto an effective classical Hamiltonian, similarly to the case of collective spin fluctuations with the well-defined local moment 49 . Note that in the case of charge degrees of freedom, the classical problem is given by the effective Ising Hamiltonian
written in terms of classical variables σ = ±1. An effective pair interaction J q between electronic densities can be defined from the nonlocal part of the inverse charge susceptibility at the zero bosonic frequency 48, 49 . Additionally, every quantum variable ρ qω in Eq. 2 has to be replaced by a classical value ρ qω → 2 √ d that describes a deviation of the local electronic density from the average (half-filled) value in the large double occupancy regime. In order to distinguish local and nonlocal contributions to the inverse susceptibility (3), one can again use an approximated version of the local 2PI vertex function in the charge channel. Since the latter does not depend on fermionic frequencies in the regime of well-developed charge fluctuations, the full four-point vertex γ νν ω of the impurity problem can also be approximated by the leading bosonic contribution. According to the Ref. 49 the latter corresponds to the full local charge susceptibility χ ω that connects two threepoint vertex functions γ νω (for details see Appendix A)
Then, the relation (3) for the charge susceptibility reduces to where the second order polarization operator reads
andG kν is a nonlocal part of the lattice Green's function. Then, the effective pair interaction takes the following form
Using an exact relation between the 2PI four-point and full three-point vertices, the latter can also be approximated as
as shown in Appendix B. Therefore, the result for the pair interaction (14) between electronic densities at first glance reduces to a similar expression for the exchange interaction derived for the magnetic system in Ref. 49 . However, the "correction" U = χ −1 ω=0 + Λ ω=0 to the effective bare Coulomb interaction U eff in the expression 15 is larger than the local Coulomb interaction U as shows Table I . This fact is not surprising, since in the case when two electrons occupy the same lattice site the relatively large value of the inversed local charge susceptibility, which is defined as χ ω = − n * ω n ω , is expectable. Therefore, the term U cannot be neglected from consideration, contrary to the case of spin fluctuations at halffilling when the inversed local magnetic susceptibility χ −1 ω=0 is negligibly small 49 . Since the effective bare Coulomb interaction U eff in the regime of large double occupancy coincides with the actual value of U, one can obtain a static approximation for the three-point vertex (see Appendix B)
where ε = U/W 0 is a static dielectric function defined via the renormalized local interaction W ω . Therefore, the final expression for the pair interaction of the effective classical Ising model reads
V. CONCLUSION
In this work the bosonic action (2) for charge degrees of freedom of the extended Hubbard model (1) has been derived. It was found that local four-point vertex function of the impurity model is independent on fermionic frequencies in the regime of well-developed charge fluctuations. Remarkably, the latter can be efficiently determined looking at the deviation of the double occupancy from its maximum value. Thus, strong charge fluctuations are revealed in the case of large double occupancy (d ≥ 0.18), which corresponds to a broad range of values of Coulomb interaction. As a consequence, it was found that in this regime the dynamics of charge fluctuations can be described via a simplified RPA-like charge susceptibility (7) constructed from the EDMFT Green's functions. Moreover the effective local Coulomb interaction in this case coincides with the actual value of the bare Coulomb interaction. Further, it was shown that in the regime of well-developed charge fluctuations, the initial quantum problem can be mapped onto an effective classical Ising model written in terms of a pair interaction between local electronic densities. Importantly, the expression for the pair interaction contains only single-particle quantities, which can be efficiently used in realistic multiband calculations. We believe therefore, that results obtained in this work will help to describe collective charge excitations and ordering in a very broad class of realistic materials with strong local and nonlocal electron-electron interactions. Here we explicitly derive a bosonic problem for charge degrees of freedom of the extended Hubbard model. For this reason, one can divide the lattice action (1) into the local impurity S imp and nonlocal S rem parts following the standard procedure of the DB theory 7, 29 
where we introduced fermionic ∆ ν and bosonic Λ ω hybridization functions, and sources j qω for bosonic variables. The partition function of our problem is given by the following relation
where the action S is given by the Eq. 1. Using the HubbardStratonovich transformation of the reminder term S rem , one can introduce dual fermionic f * , f , and bosonic variables φ as follows 
Integrating out initial degrees of freedom with respect to the impurity action (A1), one gets
where Z imp is a partition function of the impurity problem. Here, the interactionW[ f, φ] is presented as an infinite series of full vertex functions of the local impurity problem (A1) 7, 8 . The lowest order interaction terms arẽ
where the full three-and four-point vertex functions are defined as
Therefore, the initial lattice problem transforms to the following dual actioñ
In order to come back to the original bosonic variables, one can perform the third Hubbard-Stratonovich transformation as
Comparing this expression to the Eq. A2, one can see that sources j * qω introduced for the initial degrees of freedom ρ qω are also the sources for new bosonic fieldsρ qω . Therefore, fieldsρ qω indeed represent initial degrees of freedom and have the same physical meaning as original composite bosonic variables ρ qω = kνσ c * kνσ c k+q,ν+ω,σ − n qω of the lattice problem (1). Nevertheless,ρ qω can now be treated as elementary bosonic fields that have a well-defined propagator, since they are introduced as a decoupling fields of dual degrees of freedom φ qω and therefore, independent on fermionic variables c * kνσ (c kνσ ). Taking sources to zero and replacingρ qω by ρ qω , dual bosonic fields can be integrated out as
where Z φ is a partition function of the Gaussian part of the bosonic action. Here, we restrict ourselves to the lowest order interaction terms ofW[ f, φ] shown in Eq. A8. Then, the integration of dual bosonic fields in Eq. A12 simplifies and
As can be seen in Ref. 49 , the four-point vertex becomes irreducible with respect to the full local bosonic propagator χ ω , while the three-point vertex γ νω remains invariant. Therefore, the problem transforms to the following action of an effective s-d model
where
is the EDMFT susceptibility andG 0 is a nonlocal part of the EDMFT Green's function. When the main contribution to the four-point vertex is given by the reducible contribution with respect to the full local bosonic propagator, i.e.
the interaction part of the action (A14) takes the most simple form that contains only the three-point vertex function
According to derivations presented in Ref. 49 , one can integrate out dual fermionic degrees of freedom using the ladder approximation and obtain an effective problem written in terms of bosonic degrees of freedom only
where the expression for the lattice susceptibility reads
Here,X DMFT qω = Tr X 0 qω I +γ
is the DMFT-like 55, 56 susceptibility written in terms of lattice Green's functions, and 2PI vertex functions of impurity model defined asγ
Here, multiplication and inversion should be understood as a standard matrix operations in the space of fermionic frequencies ν, ν . I is the identity matrix in the same space, and the trace is taken over the external fermionic indices. For simplicity, we omit fermionic indices wherever they are not crucial for understanding. Matrix elements of the bare latticeX 0 qω and local impurityχ 0 ω charge susceptibilities are defined as
Matrix elements γ νν ω of the four-point vertex functionγ ω are defined in (A9). Therefore, the charge susceptibility (A19) in the ladder approximation can be rewritten as
where we introduced an effective bare local interaction
shown in Fig. 4 for different values of fermionic ν and bosonic ω frequencies. Another simplified expression for the charge susceptibility can be obtained after expanding the simplified form of interaction W[ f, ρ] given by Eq. A17 up to the second order with respect to bosonic fields ρ in the expression for the partition function of the action (A14). This results in
is the second order polarization operator andG kν is a nonlocal part of the lattice (EDMFT) Green's function. As discussed in the main text, this expression can be transformed to a pair interaction of the classical Ising model.
Appendix B: vertex approximation
According to discussions presented in the main text, the expression for the 2PI four-point vertex function can be approximated as γ 
Therefore, in the regime of strong charge fluctuations the 2PI vertex function can be approximated as
The three-point vertex can also be approximated using the exact relation between three-and four-point vertex functions, and the simplified form of the 2PI vertex 49 γ νω γ ω = χ
ω . Taking into account that in the regime of well-developed charge fluctuations the effective interaction coincides with the actual value of the bare local Coulomb interaction U eff ω U, one can further write
where we introduced the renormalized local Coulomb interaction W ω = U/(1 − Π ω U) that is connected to the bare Coulomb interaction via the dielectric function ε ω = U/W ω .
